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The matrix representationD (g) of an element g in a groupGmay contain

complex elements. The complex conjugate of such a representation is also a
representation, as we can see by considering the multiplication of group el-
ements g1 and g2. By closure, we have D (g1)D (g2) =D (g1g2) for all ele-
ments, so if we take the complex conjugate of this we get D∗ (g1)D

∗ (g2) =
D∗ (g1g2), so the conjugate also qualifies as a representation.

Although D and D∗ may appear to be separate representations, it is pos-
sible that they are equivalent, in the sense that there might be a matrix S
such that

D∗ (g) = SD (g)S−1 (1)

where S is the same matrix for all g. Only if such a matrix S does not exist
are the representations D and D∗ called complex representations.

Since the characters of the various equivalence (conjugacy) classes are
the traces of the matrices, the characters χ∗ (c) of D∗ are the complex con-
jugates of the characters χ(c) of D.

You might think that if a representation is not complex in the above sense,
then, like the division of numbers into complex and real, the representation
must be real. In fact, there are two types of ’real’ representation: true real
and pseudoreal. To see the definitions of these two types, we need to do a
big of juggling with matrices. What follows applies to representations that
are not complex, that is, they satisfy 1.

In what follows, we’ll take the representations D to be unitary, as we can
always do. This means that

D∗T (g) =D† (g) =D−1 (g) =D
(
g−1) (2)

We take the transpose of 1:

D∗T (g) =D† (g) =D
(
g−1)= (S−1)T DT (g)ST (3)

We can now swap g↔ g−1 in 3 to get
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D (g) =
(
S−1)T DT

(
g−1)ST (4)

=
(
S−1)T [(S−1)T DT (g)ST

]T
ST (5)

=
(
S−1)T [SD (g)S−1]ST (6)

=
(
ST
)−1 (

S−1)−1
D (g)

(
S−1ST

)
(7)

=
(
S−1ST

)−1
D (g)

(
S−1ST

)
(8)

where in the fourth line we used the identity
(
S−1)T =

(
ST
)−1 relating the

transpose and inverse.
Multiplying 8 on the left by S−1ST we get

S−1STD (g) =D (g)S−1ST (9)

Thus the matrix S−1ST commutes with D (g) for all g, so we can invoke
Schur’s lemma, which tells us that

S−1ST = ηI (10)

for some constant number η. Multiplying on the left by S, we get

ST = ηS (11)

Going one step further:

S =
(
ST
)T

= ηST = η2S (12)

This restricts η to be±1, so that S is either symmetric (η =+1) or antisym-
metric (η =−1). Representations that are related by a symmetric matrix S
are called real, and those by an antisymmetric S as pseudoreal.

This derivation requires S−1 to exist, which means that detS 6= 0. This
in turn restricts pseudoreal representations to be of even dimension, since
the determinant of an odd-order antisymmetric matrix is always zero. We
can see this from the expression for the determinant (e.g. Zee’s book, eqn
(67) in the review of linear algebra):

εpqr...s detM = εijk...mM ipM jqMkr . . .Mms (13)

where ε is the antisymmetric symbol which changes sign if any two indices
are swapped, and on the RHS there is an implied sum over all repeated
indices ijk . . .m.
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IfM is antisymmetric, then if we swap the indices on all theM ipM jqMkr . . .Mms

factors on the RHS, the overall product will change sign if there are an odd
number of factors. Since the εs stay the same, we find that detM =−detM ,
so the determinant is zero.

We can also take S to be unitary. From 1, we multiply through on the
right by S:

SD (g) =D∗ (g)S (14)

=DT
(
g−1)S (15)

where we used 3 to get the second line. Multiply on the left by DT (g) to
get

S =DT (g)SD (g) (16)

Take the hermitian conjugate:

S† =
[
DT (g)SD (g)

]†
(17)

=D† (g)S†
(
DT (g)

)†
(18)

The definition of the hermitian conjugate is

D† ≡D∗T (19)

so we have

S† =D† (g)S†D∗ (g) (20)

To test unitarity, we now find S†S using 16 and 20:

S†S =
[
D† (g)S†D∗ (g)

][
DT (g)SD (g)

]
(21)

From 1 we have

D∗ (g) = SD (g)S−1 (22)

and from 15, swapping g↔ g−1, we have

DT (g) = SD
(
g−1)S−1 (23)

so
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D∗ (g)DT (g) = SD (g)S−1SD
(
g−1)S−1 (24)

= SD (g)D
(
g−1)S−1 (25)

= SD (g)D−1 (g)S−1 (26)

= SS−1 (27)
= I (28)

Therefore, 21 becomes

S†S =D† (g)S†SD (g) (29)
Since we’re using unitary representations for D (g), we can left-multiply by
D (g) and use D (g)D† (g) = I to get

D (g)S†S = S†SD (g) (30)
Thus the matrix S†S commutes with all the D (g)s, and by Schur’s lemma,
it is a multiple of I . Since none of the above depended on the scale of S,
we are free to this multiple to be 1 so that

S†S = I (31)
and thus make it unitary.

PINGBACKS

Pingback: Test for real, pseudoreal and complex representations

http://physicspages.com/pdf/Group%20theory/Schur's%20lemma.pdf
https://physicspages.com/pdf/Group theory/Test for real, pseudoreal and complex representations.pdf

	Pingbacks

